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Abstract 

The Yukawa interaction sector of superstring inspired models that give supercon- 
ducting strings, can be described in terms of a supersymmetric quantum mechanics 
algebra. We relate the Witten index of susy quantum mechanics with an index char- 
acteristic to superconducting string models. 

Introduction 

Superconductmg strings are known to have important cosmological implications [U [2]. 
Cosmic strings can become superconducting if charged fermionic transverse zero modes are 
trapped along the strings |3|. For example in [3j a single massive fermion was considered 
which acquired its mass through a Yukawa-type interaction with a scalar field having 
varying phase around the string. In [5] an index theorem was obtained, which determines 
the minimum number of zero modes. 

Moreover in ^ an index theorem was developed, which applies in more realistic theories. 
Particularly in grand-unihed or superstring inspired models one has many left-right handed 
fermions coupled to a number of scalar fields with Yukawa interactions. Some of these 
models admit cosmic strings solutions and it is interesting to know which of these are 
superconducting. The index theorem developed in reference [5j gives an adequate solution 
to this and applies to models where one has a matrix of Higgs fields and many charged 
fermion flavors coupled to this matrix with arbitrary phase variations around the string. 
Moreover the nonzero index case (we denote the index Ig) is a criterion whether the cosmic 
strings are superconducting or not. 

In this letter we shall relate the index Iq with the Witten index of supersymmetric quantum 
mechanical systems. Indeed we shall see that models that admit superconducting string 
solutions can be written in terms of a = 2 supersymmetric quantum mechanics systems 
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and also that the Witten index of this system is identical to the Iq index. Thus we relate 
a purely mathematical property of a system to the phenomenology of a grand-unified or 
superstring inspired model. 

We shall briefly present some features of supersymmetric quantum mechanics and also the 
required background for superconducting strings and the index Iq, in order to make the 
article self contained. 

Supersymmetric Quantum Mechanics and Superconducting 
Strings 

Supersymmetric Quantum Mechanics 

Let us briefly review here some properties of to supersymmetric quantum mechanics. 
The presentation is based on [6j. A quantum system, described by a Hamiltonian H, 
which is characterized by the set {H, Qi, Qat}, with Qi self adjoint operators, is called 
supersymmetric if the following anti-commutation relation holds for i = 1, 2, ...A^, 

{Qr.Qj} = H5ij (1) 

The self-adjoint operators are then called supercharges and the Hamiltonian "i/" is called 
SUSY Hamiltonian. The algebra ([1]) describes a symmetry called N-extended supersym- 
metry. Of course SUSY quantum mechanics can be defined in terms of non self-adjoint 
supercharges, as we will see shortly. The super algebra ([T|) poses some restrictions on the 
SUSY Hamiltonian, particularly it follows due to the anti-commutation that, 

2 ^ 

H = 2Ql = Ql = . . . = 2Ql = - (2) 

i=l 

A supersymmetric quantum system {H,Qi, ...,Qn} is said to have good susy (unbroken 
supersymmetry) if its ground state vanishes, that is Eq = 0. For a positive ground-state 
energy with Eq > 0, susy is said to be broken. It is obvious that for good supersymmetry, 
the Hilbert space eigenstates must be annihilated by all supercharges, that is, 

QiWo) = (3) 

for all We now describe the basic features of A^ = 2 supersymmetric quantum me- 
chanics. The N = 2 algebra consists of two supercharges Qi and Q2 and a Hamiltonian 
which obey the following relations, 

{Qi,Q2} = 0, H = 2Ql = 2Ql = Ql + Ql (4) 
A more frequently used notation involves the following operators, 

Q = 4=(Qi+^Q2) (5) 



2 



and the adjoint, 

Qt = _L(Q^_ig2) (6) 
The operators of relations ^ and ^ satisfy the following equations, 

= Q^' = (7) 

and also can be written in terms of the Hamiltonian as, 

{Q,Q^} = H (8) 

It is always possible for = 2 to define the Witten parity operator, W, which is defined 
through the following relations, 

[W,H]=0 (9) 

and 

{W,Q} = {W,Q^} = (10) 

Also W satisfies, 

W'^ = (11) 

Using W, we can span the Hilbert space 7i of the quantum system to positive and negative 
Witten-parity spaces, defined as, = = {\ip) : W\ip) = ±\tl;). Thus the Hilbert 

space Ti is decomposed into the eigenspaces of W, so 7i = © V." , and each operator 
acting on the vectors of Ti is represented in general by 2N x 2N matrices. We shall use 
the representation 

with / the N X N identity matrix. Bearing in mind that = and {Q, W} = 0, the 
supercharges are necessarily of the form, 



and 



Ql = ^( ?t n ) (15) 



which imply, 
and also, 

The N X N matrices A and vl^ are generalized annihilation and creation operators. Par- 
ticularly A acts as follows, A : 'H~ — )• 'H'^ and A^ as, A^ : T-L^ — )• In the representation 
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()12p . ()13p . (|14p the quantum mechanical Hamiltonian H, can be written in the diagonal 
form, 

Thus for a = 2 supersymmetric quantum system, the total supersymmetric Hamiltonian 
H, consists of two superpartner Hamiltonians, 

H+ = AA\ H^ = A^A (18) 

The above two Hamiltonians are known to be isospectral for eigenvalues different from 
zero, that is, 

spec(i?+) \ {0} = spec(i?_) \ {0} (19) 

The eigenstates of are called positive and negative parity eigenstates and are denoted 
as IV'^), with, 

P±|V^) = ±|^±) (20) 
In the representation (|12p . the parity eigenstates are represented in the form, 



l^^> = ^ j 

and also, 

= ( ir) ) 

with 10=^) e H^. 

Let us now see which are the ground state properties for good supersymmetry. For good 
supersymmetry as we noted before, there exists at least one state in the Hilbert space with 
vanishing energy eigenvalue, that is -ffjV'o) = 0. Since the Hamiltonian commutes with 
the supercharges, Q and Q^, it is obvious that, QlV'o) = and Q'^\4'q) = 0. For a negative 
parity ground state. 



lV'o)=^'o°'J (23) 
this implies that A\(1)q) = 0, whereas for a negative parity ground state, 

- ( I* ) <^^' 

it implied that ^^|i;^>(j") =0. In general a ground state can have positive or negative Witten 
parity and when the ground state is degenerate both cases can occur. When E ^ {) the 
number of positive parity eigenstates is equal to the negative parity eigenstates. This does 
not happen for the ground states. A rule to decide if there are zero modes is the so called 
Witten index. Let n± the number of zero modes of H± in the subspace T-L^. For finite n+ 
and n_. the quantity, 

A = n_ - n+ (25) 
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is called the Witten index. Whenever the Witten index is non-zero integer, super symmetry 
is good (unbroken). If the Witten index is zero, it is not clear whether supersymmetry is 
broken (which would mean n^- = n_ = 0) or not (n+ 7^ n_ 7^ 0). The Witten index is 
related to the Predholm index of the operator A we mentioned earlier as, 

mdA = dimker^ — dimkervl^ = dimker^^A — dimker74A^ (26) 

The importance of the Fredholm index is that it is a topological invariant. We shall use 
only Fredholm operators. For a discussion on non-Fredholm operators and the Witten 
index, see [6]. The Witten index is obviously related to the Fredholm index of A, as, 

A = indyl = dimkerff_ — dimkeri?_|_ (27) 



Superconducting Strings 

We now briefly present the theory of superconducting strings in terms of Yukawa interac- 
tions of left-handed and right-handed fermions with Higgs scalars. We follow closely refer- 
ence [5j . Consider a theory containing N left handed fermion fields V'a and N right-handed 
fermions Xa: interacting with the Higgs sector according to the following Lagrangian, 

C = iiJal^d^tpa + iXal^d^Xa - (XaM„^V/3 + H.c). (28) 

with a, /3 = 1, ...,N. The N x N matrix M contains the scalar fields with the interaction 
couplings. In general in a string background the matrix M depends only on the polar 
coordinates r and 9 around the string. Due to the cylindrical symmetry of the string, the 
theory has effectively two dimensions and we can work in terms of two component spinors. 
The chiral fermions can be written. 




^lJa = — \ ":f 1 (29) 
and also. 

Using an appropriate representation for the 7-matrices, the Lagrangian can be written, 

- xiMapll^a - tpJ MapXa (31) 

The equations of motion corresponding to the Lagrangian (|31|) are, 

- do^o. + (T^a^^ - iMlpXp = (32) 

- doXa + (y^djXa - iM^pipp = 



5 



with a,f3 = 1,2, ...,n, and the Pauh matrices. Set, 



'^. = fixs,t){ ^"(^''^^ ) (33) 



X^ = f{xs,t){ ° , ) (34) 



and also, 

— f(^„ +\ I 

Xa{r, 

Using the above two, the transverse zero-mode equations in the xi X2 plane, read, 

(5i + id2)iJa - iMl^Xp = (35) 
(5i - id2)xa + iMapifj/s = 

Additionally one must have, 

{do - as)/ = (36) 

The last equation means that both tp and x ^-^e left movers (L-movers, see [1]). Another 
possibility is to have, 

^" = ^(--t)(^^O^^J (37) 

xS = /(x3,t)(^"^;'^^) (38) 
with corresponding equations of motion, 

(5i - i92)^a - iMl^Xp = (39) 
(5i + id2)Xa + iMai3ipi3 = 

and also, 

{do + d3)f = (40) 

In this case both tp and x si's right movers (R-movers, see [1]). The main interest in these 
theories is focused on the above zero modes. For a general mass matrix Mq^, the solutions 
of dMI) and (IMl) are difficult to find. We define. 



and additionally, 
acting on 



V'=(''-f' ^"t] (42) 



AO 
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The solutions of ()35p and (|39p are the zero modes of D and also D'^ . The Fredholm index 
Iq of the operator is equal to, 

\adD = Iq = dimker(i:'^) - dimker(Z)) (44) 

which is the number of zero modes of P minus the number of zero modes of and equals 
to the number of the right movers R minus the number of the left movers L. The mass 
matrix is assumed to have the following form, 

M^p{r,(t>) = S^p{r)e"i'^P'>> (45) 

The integers g^/s are related to the charges of the fields with respect to the group generator 
Q which corresponds to the string [1]. With and g/j the charges of the fermion fields 
Xa and ■0/3, the neutrality of XctMa/3tp/3 implies 

Qap = qa-qi3 (46) 

It is proved that Iq = Yla=i l^a [H E]. Therefore the Fredholm index of D is related to 
the charges of the fermions to the string gauge group. 

We can see that the theory of superconducting string zero modes, defines a. N = 2 super- 
symmetric quantum mechanical system. Indeed we can write, 



and additionally 
Also the Hamiltonian of the system can be written, 



= ( nt n ) (48) 



„ / DD^ \ 

^ = ( d^d) (^9) 

It is obvious that the above matrices obey, {Q,Q^} = H, = 0, Q^'^ = 0, {Q,l^} = 0, 
W'^ = I and [W, H] = 0. Thus we can relate the Witten index of the N = 2 supersymmetric 
quantum mechanics system with the index Iq of the charges that the fermions have. Indeed 
we have Iq = —A, because, 

Iq = dimkerD^— dimkerZ) = dimkerDD^— dimkerD^D = — ind-D = —A = n_— n+ (50) 

So it is clear that the underlying supersymmetric algebra is related to the phenomenology 
of the model on which the superconducting string is based. This is very valuable because 
one can answer the question if a model gives superconducting string solution by examining 
the Witten index of the corresponding N = 2 supersymmetric algebra. Before proceeding 
to some examples, let us discuss some important issues. Due to the supersymmetric 
quantum mechanical structure of the system, the zero modes of the operator D are related 
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to the zero modes of the operator DD^ . Therefore we can say that the zero modes of DD^ 
and D'fD can be classified according to the Witten parity, to parity positive and parity 
negative solutions. The last is valuable in order to find solution to the equations ([35]) 
and ()39p . It is known [5] that when Ig ^ then string superconductivity is guaranteed. 
According to relation ([50]) . string superconductivity occurs when the Witten index A is 
non-zero (susy unbroken). So when supersymmetry is not broken, the theory we described 
admits superconducting solutions. Also when the theory admits superconducting solutions 
(R-movers and L-movers) supersymmetry is good-unbroken. However according to [5] 
when Iq it is not sure whether superconducting strings exist or not. Actually there may 
be some cases in which solutions exist, while Iq = 0. Does this means that the number of 
R-movers is equal to L-movers or there are no zero modes? It is found in [5] that when 
someone uses the index Iq it is a good criterion to deal with these problems. Therefore 
we can decide if supersymmetry is broken or not. 

Let us give an example at this point (we follow [5]). Consider a superstring inspired model 
based on a subgroup G of Eg, which has an additional U{1) factor along with the Standard 
Model group, that is G = SU{3)c x SU{2) l x U{1)y x U{1) l-r- The breaking of U{1) l-r 
gives rise to cosmic strings. These models contain singlets under 5?7(3)c x SU {2)lxU (l)y , 
which are responsible for the breaking of the additional [/(l)^,-/?. When one performs a 
non-trivial L — R transformation, the 5C/(3)c x SU{2)l x U{1)y singlets acquire a phase 
around the string. These fields are. Si = (5i)e*"^, Si = {Si)e''t' {i = 1,2,3), N = {N)e''>'. 
The field Si is the mirror of Si. The field N does not have a mirror. The model contains 
the Higgs doublets, H = (if)e*"'^ and also H = {H)e^^''^~^^^'^ , n =integer. If we examine 
the down quark mass matrix, ignoring fermion states from incomplete multiplets, the mass 
matrix is, 

g Qd 



M 



9c 


( {Si) 







\ {N)e"f 





(51) 



18x18 

The interactions that give rise to the above mass matrix are, ggcS, gDcN and QdDcI^ ■ 
The heavy quark states g, and gc mix with the d-quark states Dc and Qd- The fermion 
families are 3 and each flavor has 3 colors so each block has 9x9 dimension. In the 
above when n / — 1, then Iq ^ (and actually Ig = 1 + n according to Iq = X]q=i Qaa) 
the cosmic strings are superconducting. Thus in this case the scalar-fermion sector has 
Witten index A 7^ 0. Therefore the quantum mechanical supersymmetry is unbroken 
(good supersymmetry). However when n = —1, then Ig = 0, nevertheless according to [5], 
there are 9 L-movers and 9 R-movers. So someone could say that supersymmetry is good 
(unbroken), and so the positive parity states are equal to negative parity states. 
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